We formulate the variational principle of the Dirac equation within the noncommutative even space-time subalgebra, the Clifford R -algebra Cl 
INTRODUCTION
This introduction contains a brief summary of the translation between the Dirac [1, 2] and Dirac±Hestenes [3] equations. Throughout the paper we use the following notation: R is the real field; C is the complex field C [ span R {1, i}, i P C , i 2 Let g m P End(() ' Mat4(C ) be 4 3 4 complex matrices which satisfy the Dirac algebra:
g m g n 1 g n g m 5 2g m n 1 4 P Mat 4 (C ), m , n 5 0, 1, 2, 3
If m P R + is the mass of the particle, then the Dirac equation for a free particle C D reads 
A renewed interest exists in the formulation of the Dirac theory in terms of the Clifford algebra [4±9] . An interesting result is the possibility to write the Dirac equation in the even space-time subalgebra, Cl 1 1,3. This result is achieved by working only with the general properties of the Clifford Ralgebra, in particular the concept of an even subalgebra [10] .
An alternative possibility in rewriting the Dirac equation in Cl 1 1,3 is represented by the direct translation of the elements which characterize the standard ª complexº formulation. In the present section, we summarize this translation and introduce the notion of D -complex geometry [11±14] .
Consider a subalgebra isomorphic to the complex field C ,
By D -complex geometry we mean an R -linear mapping (6) will represent the counterpart in the even space-time subalgebra of the complex Dirac spinor C D . The isomorphism
requires the identification
Let b be the main antiautomorphism of the Clifford C -algebra CĈ l1,3; then there exists a Hermitian sesquilinar form [16] in the space of the Dirac spinors
There exists a basis in ( such that
We recall that g m P End(() ' Mat4(C ), 
We find the following:
a , grade involution:
b , reversion:
The Hermitian sesquilinear form F ² DhC D P C^^can be translated by using the reversion and grade involution and adopting a D -complex map-
The D -complex geometry, mapping on D^^, is also justified by the following argument: We can define an anti-self-adjoint operator --with all the properties of a translation operator, but, by imposing noncomplex geometries, there is no corresponding self-adjoint operator with all the properties expected for a momentum operator [17] . The identification of i with the bivector g 21 gives us two possibilities for defining the momentum operator, respectively left and right action of the bivector g 21,
and thus we can define the following momentum operators:
By introducing the concept of left/right operators 2 l,r P End (Cl
ecessary within noncommuta tive algebraic structures where we must distinguish between the left and right multiplication, we can express the momentum operator in Cl -. To do this we need to define an appropriate mapping for scalar products. If probability amplitudes are assumed to be element of nondivision algebras (in this case Cl 1 1,3 ), we cannot give a satisfactory probability interpretation [17] .
It is seen that a D -complex mapping (4),
vercomes the previous problem and gives the required Hermiticity properties for the momentum operator
Equation (11) implies
ow, to prove the Hermiticity of our momentum operator it is sufficient to perform integration by parts and use the D -complex mapping.
We conclude this section by observing that there is a difference in translating complex operators and states. For example, the complex imaginary unit i can be interpreted as operator
or state
The translation will be, respectively, 
We require
The previous relation is satisfied because
DIRAC EQUATION
Once we have obtained the translation from the Dirac spinor field C D P (^^to the Hestenes spinor field C H P Cl For convenience, we multiply the left-and right-hand sides of Eq. (2) by g 0 ,
We shall prove that this equation can be translated in the Cl 1 1,3 formalism; we take the r given by (7) as
In the previous section, we established the maps
Thus to complete the translation of Eq. (13) 
By using the explicit form of the Dirac matrices given in Eq. (3), we find
We now have all the tools needed to complete the translation of the Dirac equation in the Cl
together with Eq. (15) 
The choice of the Dirac matrices (3) was ad hoc to obtain a simple translation for the complex Dirac matrices g 0 g k ,
What happens if we change our basis, g new m 5 6g m 6 2 1 ? We shall show that it is possible to construct a set of translation rules which enables us to obtain for a generic 4 3 4 complex matrix its counterpart in the even space-time subalgebra. Thus, the problem concerning the translation of g new m is overcome. A generic 4 3 4 complex matrix is characterized by 32 real elements, whereas dim R Cl 1 1,3 5 8, so it seems that we do not have the needed real freedom degrees to perform our translation. Nevertheless, we must observe that the space Cl This implies that the only acceptable right generator is g r 21.
The problem is now the lack of 16 real degrees of freedom
The solution is achieved by recalling that in the Clifford algebra Cl 
To obtain the set of translation rules it is sufficient to give explicitly the matrix counterpart of the operators
The other operators can be found by suitable multiplications of the previous ones. It is evident that The complete set of translation rules is given in Appendix A.
THE DIRAC ± HESTENES LAGRANGIAN
Our main objective in this work is to derive the Lagrangian + H that yields the Dirac±Hestenes equation
We shall obtain the Dirac±Hestenes Lagrangian +H by translation. To do that, let us start by considering the traditional form for the complex Dirac Lagrangian,
We showed in (10) that
hus, to obtain the desired translation we need to calculate
y using the results presented in the previous section, we find
and consequently
C^^{ +D % +H [ x (C Ä H$+C Hg 21 2 mC Ä HC Ã H) P D^^(24)
Let us now discuss the hermiticity of the Dirac±Hestenes Lagrangian +H. By applying the reversion involution to +H we get
where $ ¬ + indicates the left-action on C Ä H of the derivation which appears in the operator $ + . By observing that
and performing integration by parts, we obtain
Due to the D -complex geometry, the bivector g 21 can be removed from the extreme left to right, C Ä H$+C H, in Eq. (25), and so the hermiticity of the Dirac±Hestenes Lagrangian is proved,
In order to formulate the variational principle within the algebraic formalism, let us rewrite Eq. (24) by using the projection operator
and the grade involution a . 
It is here that appeal to the variational principle must be made. A variation d C H in C H from Eq. (26) cannot be brought to the extreme right because of the bivector g 21 in the first term of the previous expression. The only consistent procedure is to generalize the variational rule that says that C H and C H must be varied independently [18] . We thus apply independent variations to 
H P D^d +H P D^Ŵ e conclude this section by discussing an alternative way to obtain the field equations from the Dirac±Hestenes Lagrangian. Let us rewrite the ainvolution by using the operator g l 0g r 0,
y adopting this notation we can express the Dirac±Hestenes Lagrangian as which, after integration by parts and by moving g 21 and g 0 from the extreme right to left, becomes
C Ä H g 0 and so we obtain the adjoint Dirac±Hestenes equation (29), as required.
THE INVARIANCE GROUP OF + H
Having obtained the Dirac±Hestenes Lagrangian in the previous section, we may ask which global group leaves this Lagrangian invariant. Remembering that C H P Cl 1 1,3^^, we have that the most general D -complex linear transformation on C H is given by
Now, the algebraic structure of the Dirac operator $+ strongly limits the left action on C H ; this leads to the conclusion that
(33) will be modified as
Applying the global transformations (34) ±(35), we find that the Dirac± Hestenes Lagrangian becomes
Thus by requiring z*z 5 1, we find that the only invariance group is defined by
where the previous notation means the right action of the D -complex unitary group on the algebraic spinor C H,
Remembering that the Glashow group [19] for the Salam±Weinberg theory [20, 21] is SU(2)^U(1), we observe that this U(1) group may be identified with our U(1, g r 21), and our field C H P Cl 1 1,3^^must necessarily be a singlet (scalar) under SU (2) .
The interesting feature is what happens if we select a field in the full space±time algebra Cl 1,3^^. Now the number of fermionic particles is two,
or example the leptons of the first family (electronic neutrino n e , electron e) can be concisely rewritten in Cl 1,3^^a s
(n e ,e) H P Cl
The orthogonality of the fields C
(n e ) H , C
H g 0 is guaranteed by our D -complex mapping,
ow it is still not obvious, due to the presence of the Dirac operator $+, that an invariance group isomorphic to SU(2) exists. We remark that to obtain a global invariance isomorphic to SU (2) we must choose suitable combinations of 
onsequently, the infinitesimal transformation
The zero-mass fields will gain mass by spontaneous symmetry breaking [22, 23] .
The anti-Hermitian generators 
CONCLUSIONS
We begin our discussion with the last results of the last section. We have shown that by working within a multivectorial formalism it is possible to impose a Glashow group invariance and that this occurs by merely adopting Cl1,3 fields. Our viewpoint is that the SU(2)^U(1) invariance in particle physics could be better understood by working in the Cl1,3 formalism, where each element is suitable to geometric interpretation. For example, a better understanding of the geometric meaning of the generators of the invariance Glashow group could be very important in reaching grand unification groups.
The adoption of a D -complex geometry represents a fundamental ingredient of the multivectorial algebraic approach to quantum mechanics. Such a mapping gives the desired electromagnetic invariance U(1, g r 21) and suggests an invariance group isomorphic to the Glashow group. By passing from Cl (1). A complete discussion on the Salam±Weinberg model in the multivectorial formalism will be presented in a forthcoming paper [24] .
Let us recall the other result of this paper. We discussed and generalized the application of the variational principle to Lagrangians with Cl 1 1,3 fields. In order to obtain the Dirac±Hestenes equation we proved the need to adopt a D -complex mapping for our Lagrangians or apply, due to the noncommutative nature of the Clifford algebras, different variations for the fields C H, C Hg 21, etc.
We also recall the possibility to perform a translation between 4 3 4 complex matrices and left/right elements of the even space-time subalgebra. This allows an immediate translation of the Dirac equation in the multivectorial formalism. Obviously this approach can be used to reproduce other standard results of quantum mechanics. We conclude by emphasizing that this translation represents only a partial translation, for example, it does not apply to odd-dimensional complex matrices. Different outputs can be obtained by working with Clifford algebras. New geometric interpretations naturally appear in the space-time algebraic approach and this could be very useful in reaching fundamental symmetries in unification Lagrangians. 0 1 g 01c 1 1 g 02c 2 1 g 03c 3 1 g 21c 4 1 g 31c 5 1 g 23c 6 1 g The complex variational principle which treats F and F ² as independent fields is now generalized by applying different variations to C , C Ã , C Ä , C . Nevertheless, by working within the noncommutative algebra Cl 
